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Abstract— In this paper, Tomlinson-Harashima precoding
for multiple-input/multiple-output systems including multiple-antenna and multi-user systems is studied. It is shown
that nonlinear preequalization offers significant advantages
over linear preequalization which increases average transmit
power. Moreover, it outperforms decision-feedback equalization at the receiver side which is applicable if joint processing at the receiver side is possible, and which suffers
from error propagation. A number of aspects of practical
importance are studied. Loading, i.e., the optimum distribution of transmit power and rate is discussed in detail. It
is shown that the capacity of the underlying MIMO channel can be utilized asymptotically by means of non-linear
precoding.
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I. Introduction

O

VER the last years, the demand for high data rates
in wireless transmission has increased significantly.
This has led to a strong interest in so-called multipleinput/multiple-output (MIMO) systems which promise extremely high spectral efficiencies. Foschini and Gans [24]
showed that the spectral efficiency can (for large signal-tonoise ratios) in principle grow linearly with the minimum
over the number of transmit (NT ) and receive (NR ) antennas. The BLAST system (Bell Laboratories Layered
Space-Time) is the most prominent example for high-rate
wireless communication schemes.
Usually, a MIMO transmission scheme is described by
the basic relation y = Hx + n. Here, x designates the
transmit vector which comprises the transmit symbols of
NT parallel data streams. These streams can be due to
a parallel (i.e., layered) encoding of a high-rate data signal, or they may belong to different and independent users.
The vectors y and n of dimension NR denote the vector of
received symbols, and the vector of disturbances, respectively. The MIMO (flat-fading) channel is characterized by
its NR × NT channel matrix H.
Noteworthy, BLAST-like systems are not the only ones
that can be described by a MIMO input-output relation of
this type. In fact, many multi-user transmission schemes
that transmit multiple, possibly independent, data streams
in parallel over linear channels can be described in this
way. In particular consider direct-sequence code-division
multiple access (DS-CDMA) systems, where users with
their individual spreading sequence are treated rather than
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antennas. Considering the transmission of K users in parallel, the same channel model as given above arises.
Besides information theoretic studies of MIMO channels
[3], [33], [34], [37], [41], numerous work has been done to
propose feasible receivers for various practical scenarios.
The main difficulty for transmission over MIMO channels is
the separation or equalization of the parallel data streams,
i.e., the recovery of the components of the transmitted vector x, of which superpositions are present at the receiver
side. In the context of multiple access systems, this task is
called multi-user detection [40].
In the present paper, precoding, i.e., non-linear predistortion of the transmit signals, for MIMO system is discussed. Processing at the transmitter side requires the
channel to be (approximately) constant over some time,
in order to be able to gain channel state information (CSI)
at the transmitter. Hence, we concentrate on block fading
channels which are assumed as constant over a reasonably
large blocklength.
Moreover, in view of the demand of high transmission
rates, we focus on high spectral efficiencies, in particular
non-binary modulation alphabets and correspondingly we
assume high signal-to-noise ratios.
The paper is organized as follows: After discussing the
channel model in Section II, we review the concepts of spatial equalization and precoding in Section III. An important aspect for implementation are the different loading
strategies, discussed in detail in Section IV. In conclusion,
a number of aspects important in practice and some extensions are studied in Section V.
II. Channel Model
In this section we show that DS-CDMA downlink transmission as well as the multi-antenna point-to-point channel can be described (in complex baseband notation) by
the same matrix equation. Hence, similar methods can be
considered for receiver or transmitter signal processing.
A. Multi-Antenna Scenario
Assuming that between each pair of transmit and receive
antenna a flat, i.e., non-dispersive, fading channel constant
over some transmission burst is present, the discrete time
equivalent complex baseband model can be written as
y[ν] = H[ν] x[ν] + n[ν] .

(1)

Here x[ν] is the vector of complex channel input symbols xk [ν], H[ν] the matrix of complex channel coefficients
hkl [ν] constant during one transmission burst, n[ν] the ad-
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ditive white (complex) Gaussian noise and y[ν] the vector
of received signals yk [ν] at time instant ν.
For simplicity we restrict ourselves to systems with an
equal number of transmit and receive antennas,

 say K,
hence vectors are of length K, and H[ν] = hkl [ν] , a complex K × K matrix, where hkl [ν] is the fading coefficient
between transmit antenna l and receive antenna k.
The noise samples nk [ν] are assumed to be zero-mean
Gaussian random variables, mutually uncorrelated, i.e.,
(
σn2 if k = l and µ = 0 ,
∗
E{nk [ν + µ]nl [ν]} =
(2)
0
else .
B. Multi-User Downlink Scenario
In this scenario we assume transmission from a central
transmitter (base station) to users (mobile equipment)
scattered over the service area. In particular, we focus on
the downlink of a DS-CDMA system with a single transmit
antenna at the base station and single receive antennas at
the mobile terminals.
In DS-CDMA systems the transmit signal is the superposition of the users’ spreading sequences multiplied by the
transmit symbols xk [ν]. The interchip interference caused
by frequency-selective fading results in non-orthogonal effective spreading sequences sk [ν]. We assume the effective
spreading sequences to be normalized to unit norm — the
additional flat fading component is described by the channel weight wk [ν]. Here we neglect intersymbol interference,
an idealization which is justified if the spreading sequences
are substantially longer than the maximum delay spread of
the channel. The receivers are expected to use matched filters sH
k [ν] and the noise after the matched filter is denoted
by nk [ν]. It is reasonable to model the noise as in the
multi-antenna case as white mutually uncorrelated complex Gaussian processes,
 cf. (2).

Writing S[ν] =
s1 [ν], . . . , sK [ν] and W [ν] =
diag(w1 [ν], . . . , wK [ν]), and collecting the transmit symbols xk [ν] and the received symbols yk [ν] in vectors x[ν]
and y[ν], respectively, we can express the transmission by

y[ν] = W [ν]S H [ν]S[ν] x[ν] + n[ν] .
(3)
def

Defining H[ν] = W [ν]S H [ν]S[ν] the same MIMO channel
model as above (eq. (1)) is present.
Noteworthy, the components of the receive vector are
present at physically separate pieces of mobile equipment,
and are not accessible jointly. Hence, only individual further processing of the receive symbols is possible. In terms
of vectors and matrices, these processing steps are characterized by diagonal matrices.
C. Multi-Antenna, Multi-User Downlink Scenario
The combination of these two models to DS-CDMA downstream transmission using multiple antennas is immediately possible by choosing the channel matrix H suitably.
In this case, processing of the receive vector is limited to
block diagonal matrices.
For brevity, in this paper, we restrict ourselves to the
above two “extreme cases”; however, the results are easily

1

extendable to the general multi-antenna multi-user downlink scenario.
D. Signal-to-Noise Ratio
The instantaneous receive signal-to-noise ratio (SNR) is defined as
n 
o
Ex tr H[ν]x[ν]xH [ν]H H [ν]
SNR[ν] =
(4)
Kσn2
which calculates for i.i.d. channel input symbols with varidef
ance σx2 = E{|xk |2 }, ∀k, to
K K
σx2 X X
=
|hkl |2 .
Kσn2

(5)

k=1 l=1

If the elements hkl of the channel matrix are identically
distributed zero-mean random variables with variance σh2 kl ,
the SNR averaged over the channel realization (i.e., averaging over the bursts) is given by
def

SNR = EH {SNR[ν]} =

K K
σx2 X X 2
σhkl .
Kσn2

(6)

k=1 l=1

It is common to express power efficiency in terms of
the average received energy per information bit Ēb divided by the one-sided noise power spectral density N0 .
For complex-valued signaling the following relation to the
signal-to-noise ratio holds
Ēb
SNR
=
,
N0
Rm

(7)

where Rm denotes the (average) number of information bits
transmitted per channel symbol xl [ν]. For channel matrices with i.i.d. unit variance elements (σh2 kl = 1, ∀k, l) the
Kσ 2

Ēb
signal-to-noise ratio simplifies to N
= Rm σx2 .
0
n
Since most processing will only consider a single time
instant ν, we will only use the time index if we want to
stress time dependency, and otherwise omit it for brevity.

III. Equalization Strategies
In MIMO channels, superpositions (interference) of the
components of the transmitted vector x are present at the
receiver side. In particular, the receive symbol at the kth
antenna/of the kth user is given by
yk = hkk xk +

K
X

hkl xl + nk ,

(8)

l=1,l6=k

where the second term on the right-hand side gives the
“spatial” interference from input symbols xl , l 6= k. In order to recover data, some kind of separation or equalization
of the parallel data streams is required.
In this section, equalization strategies for multi-antenna
and multi-user transmission are studied, see Table I. In
each case it is indicated whether it is a receiver side
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TABLE I
Summary of equalization strategies for multi-antenna and multi-user transmission. If the equalization strategy is
applicable fo the particular scenario the number of the respective subsection is indicated.

Multi-Antenna

Linear Equalization
(Receiver-Side Technique)

Linear Preequalization
(Transmitter-Side Technique)

DFE
(Receiver-Side Technique)

Precoding
(Transmitter-Side Technique)

SVD
(Both-Sides Technique)

Multi-User Scenario

Scenario

Downlink

Uplink

III.A

—

III.A

III.A

III.A

—

III.B

—

III.B

III.C

III.C

—

III.D

—

—

or transmitter side technique, and whenever a particular
equalization strategy is applicable to the multi-antenna
scenario, the multi-user downlink scenario, or the multiuser uplink transmission, a scenario dual to the multi-user
downlink, the number of the respective subsection is given.
A. Linear Equalization
The straightforward strategy for separating the data
streams is linear equalization at the receiver side, also
known as a decorrelating detector [40]. Here, the decision
−1
vector is generated by r = H −1
(l) y, where H (l) denotes the
left (pseudo) inverse of the channel matrix H. This strategy is applicable in the multi-antenna scenario, as well as
in multi-user uplink transmission, i.e., transmission from
users scattered over the service area to the central base
station.
If channel state information (CSI) is available at the
transmitter, the users can be separated by means of linear
preequalization (sometimes calles “predistorted”). Such
schemes are applicable in multi-antenna and multi-user
downlink scenarios. Interference of the users at the receiver side can be completely avoided by multiplication of
the data vector a with the (pseudo) right inverse H −1
(r) of
the channel matrix H at the transmitter and feeding the
preequalized version x = H −1
(r) a into the channel [2], [42].
For further linear transmitter preprocessing strategies see,
e.g., [5], [35], [12].
It is well-known that linear equalization suffers from
noise enhancement and hence has poor power efficiency.
The same is true for linear preequalization of the transmit
signals, where transmit power is boosted.
B. Matrix DFE, V-BLAST
The disadvantage of linear equalization at the receiver side
can be overcome by spatial or matrix decision-feedback
equalization (DFE) [44], [11], [1], which is also used [27]

in the (V-)BLAST [23], [25], [43] system for multi-antenna
transmission. In the context of multi-user detection this
strategy is known as “successive cancellation” [40].
The block diagram of decision-feedback equalization,
which is applicable if joint processing at the receiver side is
possible, is shown in Figure 1. As in DFE for intersymbolinterference (ISI) channels, the receiver consists of a feedforward matrix F (cascaded, for convenience, with a diagonal scaling matrix G = diag(g1 , . . . , gK )), and a feedback
matrix B.
The task of the feedforward matrix is to guarantee (i)
spatially white noise at the decision devices (decorrelation of the noise) and (ii) spatial causality: The decision
symbols with index l should only be disturbed by symbols with index k < l. Hence, the end-to-end matrix
def
B = [bkκ ] = GF H has to be lower triangular (bkκ = 0,
k < κ). The scaling matrix G is chosen for unit-gain signal transmission, i.e., the main diagonal elements of B are
one (bkk = 1). Via the feedback matrix B, the interference caused by already detected symbols is canceled. Since
B − I is strictly lower left a causal loop for successive detection and interference cancellation results.
Assuming white channel noise, the calculation of the filters in BLAST [25] can be interpreted as performing a
QL-factorization of a permuted version of the channel matrix, corresponding to a relabeling of the transmit antennas. Subsequently we assume that this relabeling is already
included in the matrix H. Then, the factorization reads
H = F HS ,

(9)

where F is the unitary feedforward
(preserving

 matrix
whiteness of the noise) and S = sij a lower left triangular matrix. The scaling matrix is then given as
−1
G = diag(s−1
11 , . . . , sKK ), and the feedback matrix reads
B = GF H = GS.
The above factorization results in filters adjusted accord-

ACCEPTED AT IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS



=

3










ˆ





−


Fig. 1. Matrix DFE receiver.

ing to the zero-forcing (ZF) criterion. For low signal-tonoise ratios and, correspondingly, low transmission rates,
some improvement may be possible by optimizing the
matrices according to the minimum mean-squared error
(MMSE) criterion. Here, we are interested in high rates
and hence concentrate on the zero-forcing solution.
Due to the feedforward processing, the symbol at the
decision device reads
yk0 = xk +

k−1
X

bkl xl + n0k ,

(10)

l=1

with n0k = ñk /skk and ñ = F n. Assuming error-free decisions, i.e, x̂l = xl , l = 1, . . . , k − 1, the interference term
is perfectly canceled and the decision variable for symbol
xk is only disturbed by white Gaussian noise ñk . That is,
the MIMO channel is decomposed into K parallel AWGN
channels with noise variances σn2 /|skk |2 , k = 1, . . . , K.
Since in practical systems erroneous decisions do occur,
the BLAST algorithm [25] finds the optimum permutation
of the receive antennas such that the decisions are taken
starting from the most reliable signal to reduce the probability of error propagation. For simplicity we assume here
that the antennas are already sorted in this optimum way.
Decision-feedback equalization is also popular in the
multi-user uplink scenario, i.e., for joint detection at the
base station. However, in the multi-user downlink scenario
as described here no such equalization is possible. On the
one hand, for complexity reasons, each receiver is only allowed to apply a single-user matched filter, and on the other
hand, the components of y in the downlink channel model
are not accessible jointly. Subsequently, we show how this
problem can be solved by means of precoding.
C. Tomlinson-Harashima Precoding
In any communication system where channel state information is present at the transmitter, equalization can also be
performed by a precoding operation on the transmit symbols.
C.1 Multi-Antenna Transmission
Initially, Tomlinson-Harashima precoding (THP) [30], [38]
was proposed for the equalization of intersymbol interference of severely linear distorting SISO channels, but can
readily be extended to MIMO channels, e.g., [17], [20], see

also [13], [6]. THP can be interpreted as moving the feedback part of DFE to the transmitter, cf. Figures 1 and 2.
Thereby, the two main shortcomings of the DFE scheme
can be overcome: (i) since the operation is performed at
the transmitter where signals are perfectly known, no error
propagation can occur, and (ii) for equalization, no immediate decisions are required. Hence, channel coding can be
applied in a straightforward manner, i.e., as it is done for
the intersymbol-interference-free AWGN channel.
The operation of THP is tightly connected to the used
signal constellation A. For the moment assume that in each
of the parallel data streams an M -ary square constellation
(M a square number) is employed, where the coordinates
of the signal points are odd
√ integers, i.e., A = {aI + jaQ |
aI , aQ ∈ {±1, ±3, . . . ± ( M − 1)}}. The
√ constellation is
bounded by the square region of width 2 M .
If the modulo device at the transmitter were ignored,
linear preequalization of the cascade B = GF H would be
present. Because of the triangular structure of the feedback matrix B, the channel symbols xk , k = 1, . . . , K, are
successively generated from the data symbols ak ∈ A:
Xk−1
bkl xl , k = 1, . . . , K .
(11)
xk = a k −
l=1

Since this strategy would increase transmit power significantly, Tomlinson-Harashima precoding modulo reduces
the transmit symbols into the boundary
region of A. Math√
ematically, integer multiples of 2 M are added to the real
and imaginary part of xk . Now, the channel symbols are
given as
Xk−1
bkl xl , k = 1, . . . , K ,
(12)
xk = a k + p k −
l=1
n √
o
where pk ∈ 2 M · (pI + jpQ ) | pI , pQ ∈ Z . In other
words, instead of feeding the data symbols ak into the lindef
ear preequalization, the effective data symbols vk = ak +pk
−1
are passed into B , which is implemented by the feedback
structure. That is, the initial signal constellation is extended periodically, i.e., the effective data symbols vk may
be taken from the expanded set V = {vI + jvQ | vI , vQ ∈
{±1, ±3, . . . }}. Since the precoding symbols pk are matched
to the boundary region of the initial signal constellation,
the points in the expanded signal set are also taken from a
regular two-dimensional grid [19].
All points, spaced
in real and imaginary part by integer
√
multiples of 2 M are congruent and represent the same

ACCEPTED AT IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS





MOD

4









ˆ



·



−


Fig. 2. Tomlinson-Harashima precoding for MIMO channels.

data. From these equivalent points, symbol-by-symbol that
point is selected for transmission which results in a channel
symbol falling into the boundary region of A [19]. Note
that this choice is unique and done implicitly by the modulo
operation.
Since the linear preequalization via B −1 equalizes the
cascade B = GF H, after prefiltering and scaling, the effective data symbols vk , corrupted by additive noise, are
visible at the receiver, i.e., r = v + n0 . Here, n0 denotes
T
the filtered channel noise and v = [v1 , . . . , vK ] . Using a
slicer which takes the periodic extension into account an
estimate for the data symbols (vector a) can be generated.
Alternatively, the received symbols rk are first modulo reduced into the boundary region of the signal constellation
A. Then, a conventional slicer suffices. Hence, neglecting the modulo congruence, which is justified when using
“large” QAM signal constellations (i.e., spectrally efficient
modulation schemes), as in DFE unit-gain AWGN channels
σ2
with signal-to-noise ratio σ2 /|sxkk |2 result.
n
Using Tomlinson-Harashima precoding, the channel
symbols xk are no longer taken from the signal constellation A. In “classical” THP, the channel symbols are (approximately) uniformly distributed over the boundary region of A. This leads to a somewhat increased transmit
power compared to transmission of symbols taken from A,
quantified by the precoding loss, which for square QAM
constellations and uniform distribution calculates to [19]
2
γp,2D
=

M
.
M −1

(13)

Even for moderate sizes M this loss is negligible and vanishes as M increases. Moreover, the components xk can
be assumed to be mutually uncorrelated with variance
σx2 = E{|xk |2 }, ∀k.
When performing precoding with respect to the spatial
dimension, each symbol interval is processed separately. As
a consequence, the channel symbols take on more and more
discrete levels when going from component x1 to xK . Since
a uniform distribution is never achieved, the precoding loss
in MIMO precoding is even lower than predicted by (13).
For illustration, Fig. 3 shows scatter plots of the channel
symbols xk and the received symbols rk for a MIMO channel with K = 4 inputs and K = 4 outputs. In each of the
parallel channels a 16-ary QAM constellation is used. From
component 1 through 4, the channel symbols tend from

the initial 16-QAM constellation to an almost uniform distribution over the boundary region. Simultaneously, the
effective data symbols are taken from a more and more
expanded signal set. The non-uniform distribution of the
effective data symbols vk can be seen. Moreover, the different noise variances which are effective for the different
components are visible.
Tomlinson-Harashima precoding can work in combination with other than square constellations. The only requirement is that the precoding symbols are matched to
the boundary region of the signal constellation such that
the entire space is tiled with the periodic replicas, see [19].
Additionally we note that in case of low-rate transmission, precoding according to an MMSE criterion [13] and
regarding the properties of so-called modulo channels [22]
offers some additional gains. Moreover, going to higherdimensional precoding lattices, the so-called shaping gap
can be bridged. In [13] a scheme denoted by “inflated lattice” precoding is proved to be capacity-achieving. Again
we note that in this paper we concentrate on high rates
and hence the ZF solution.
C.2 Multi-User Transmission
The scheme presented above for the multi-antenna scenario
was found by a direct translation of the concept of temporal
(i.e., ISI) equalization to spatial equalization. However, in
the present version it is not applicable to the multi-user
scenario, since for distributed receivers the symbols yk can
not be processed jointly by the feedforward matrix F .
Recall that the task of the feedforward matrix is to spatially whiten the channel noise and to force spatial causality. Since the channel noise is assumed to be white, only
causality has to be achieved, which—in contrast to noise
whitening—is also possible by a matrix at the transmitter side. Hence, the feedforward matrix F is moved to
the transmitter, too, see Figure 4. The operation of the
precoder remains the same as given above.
In the present situation, the required matrices can be
calculated by decomposing the channel matrix according
to
H = SF H ,

(14)

where F is a unitary matrix, S is a lower left triangular matrix. Again, this is a well-known QR decomposition (here
LQ) of the channel matrix, but note the difference to the
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Fig. 4. Precoding for decentralized receivers.

factorization (9). F immediately gives the feedforward matrix, now applied at the transmitter side, the gain matrix
−1
reads as above G = diag(s−1
11 , . . . , sKK ), and the feedback
matrix calcuates to B = GHF = GS.
Note that in the context of multi-user broadcast transmission, precoding can be view as a scalar realization of socalled “Costa codes” [7]. This “dirty paper” result, which
states that if interference is known at the transmitter side
an encoding/decoding rule can be found that enables transmission as if the interference were not present, became very
popular over the last few years.
C.3 QL versus LQ decomposition
The implementation of the feedforward matrix F at the
transmitter side is indispensable in the multi-user scenario.
In the multi-antenna setting, however, this strategy is an
alternative to the scheme discussed above. While the QL

decomposition can be seen as performing Gram-Schmidt
orthogonalization [29] on the columns of H, the LQ decomposition corresponds to orthogonalization along the rows of
H.
Although, for randomly chosen channel matrices H, the
statistical properties of the diagonal elements skk , which
determine performance, will be the same for both strategies, regarding an actual realization of H, a particular type
of decomposition may show advantages compared to the
other decomposition. Therefore one may consider an implementation of precoding where the position of the unitary
“feed-forward” matrix is decided on-the-fly with regard to
the current realization of H.
Figure 5 shows simulated symbol error rates transmitting 16-QAM constellations over K = 4 transmit and receive antennas. The elements hkl of the channel matrix
are chosen i.i.d. complex Gaussian and the error rates are
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power distribution over the parallel channels tends to a flat
one, and the capacity of the MIMO channel, utilizable by
the SVD scheme (assuming all dimensions are active1 ) is
well approximated by
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Fig. 5. Average symbole error rate for switching between QL and
LQ decomposition (×) compared to only QL decomposition (◦).

averaged over a large number of channel realizations. For
each channel realization both factorizations are calculated
and the “better” type of decomposition was selected. Since
we are studying uncoded transmission, performance is govdef
erned by |skk,min |2 = mink |skk |2 . Hence, the factorization which results in the larger |skk,min |2 is selected. For
comparison, (dashed line) the situation where F is always
present at either receiver or transmitter is plotted, too.
Using this additional degree of freedom in multi-antenna
transmission with CSI available at the transmitter, further
gains of more than 2 dB in signal-to-noise ratio are achievable.
D. Singular Value Decomposition
Another popular method for channel equalization in multiantenna systems [36], [31] is based on the singular value
decomposition (SVD) [29] of the channel matrix H. Here,
the task of channel equalization can be split among transmitter and receiver. Hence SVD-based equalization cannot
be applied in the multi-user (either up- or downlink) scenario.
It is well known that any complex matrix H can be decomposed as
H = U ΣV H ,

(15)

where U and V are unitary matrices containing the
eigenvectors of HH H and H H H, respectively, and Σ =
diag(ς1 , . . . , ςK ) is a real diagonal matrix of the positive
square roots of the corresponding eigenvalues. Hence, applying V at the transmitter and U H at the receiver, K independent, parallel channels are present. Since U and V are
unitary matrices, in contrast to linear (pre)equalization,
neither an amplification of the channel noise, nor of transmit power occurs.
Noteworthy, the capacity of the MIMO channel is calculated via the SVD approach, e.g., [37]. Assuming high
signal-to-noise ratios (σx2 /σn2  1), the capacity achieving

(16)

k=1

k=1

Q
H
2
We note that K
k=1 ςk is just the determinant |H H| =
|ΣH Σ|.
This capacity is to be compared to that usable with precoding. As shown above, decision-feedback equalization
(assuming error-free previous decisions) and TomlinsonHarashima precoding, result in parallel and independent
unit-gain AWGN channels with noise variances σn2 /|skk |2 .
Hence, total capacity calculates to
K
X



σ2
log 1 + x2 |skk |2
σn
k=1


K
X
σx2
2
≈
log
|skk | = log
σn2

CTHP =

k=1

= K log

σx2
σn2

+ log

K
Y

k=1

K
Y
σx2
|skk |2
σn2

k=1

|skk |2 .

!
(17)

Since H HQ
H = S H F F H S = S H S and S is triangular,
H
2
we see that K
k=1 |skk | is just the determinant |H H| =
H
|S S|, and consequently for high SNRs we have
CTHP = CSVD ,

for σx2 /σn2  1 .

(18)

In words, using non-linear precoding, the entire capacity
of the underlying MIMO channel can be used. Hence,
asymptotically, from a practical point of view, precoding
is an optimal approach for channel equalization. In the
next chapter, we discuss strategies how to best use this potential. This equivalence is similar to that of single- and
multi-carrier modulation over ISI channels, see [16].
However, in each case for approaching capacity, the application of channel coding is indispensable. In particular,
in precoding schemes as well as for the SVD approach,
channel coding techniques developed for the AWGN channel may be employed cascaded with the equalization strategy. Since the performance of the codes in precoding
1 For brevity of presentation, we assume that all singular values contribute to the transmission. If some singular values are (almost) zero
and the respective dimensions do not contribute to the transmission,
these dimensions simply have to be excluded from further considerations, studying a channel matrix of reduced dimension. The sums
and products then only run over the active dimensions k.
From the theory of parallel Gaussian channels with noise variances
Nk and fixed total power P , the transmit power of channel k is given
by Pk = (P + κ Nκ )/K − Nk , see, e.g., [26], [8]. For high signal-tonoise ratios, i.e., P  Nk , ∀k, this tends to Pk = (P + κ Nκ )/K −
Nk ≈ P/K = const.
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matrices, we define the z-transform of the channel matrix
as
#
"∞
∞
X
X
def
−ν
hkκ [ν]z
=
H[ν]z −ν .
(20)
H(z) =

40

C [bit/channeluse] −→

35
30

SVD − waterfilling
SVD − flat
THP − waterfilling
THP − flat

ν=0

25

ν=0

15

Then, the factorization problem (9) H = F H S or H H H =
S H F F H S = S H S for a central receiver (multi-antenna scenario; F implemented at the receiver side) has to be replaced by a spectral factorization (cf. [45], [10])

10

H H (z −∗ )H(z) = RH (z −∗ )R(z) .

5

The time-domain matrix R[ν] corresponding to R(z) =
P
∞
−ν
is strictly causal, i.e., R[ν] = 0, ν < 0, and
ν=0 R[ν]z
the matrix R[0] = [rkκ [0]] additionally is lower triangular.
If F should be implemented at the transmitter side (e.g.,
in the multi-user case), factorization (14) is replaced by

20

replacements

7
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Fig. 6. Achievable rates for SVD-based equalization and for MIMO
precoding. Solid: waterfilling result; dashed: capacity for flat power
distribution.

schemes is essentially the same as on the AWGN channel
[21], using “strong” codes the capacity of the channel can
be approached asymptotically.
For transmission using K = 4 transmit and receive antennas the capacities (in bits per K-dimensional transmit
vector) using the SVD approach and that of THP or DFE
are plotted in Figure 6. Again, the elements of the channel
matrix are chosen i.i.d. complex Gaussian and the results
are averaged over a large number of channel realizations.
For both equalization trategies, the waterfilling result and
the capacity for a flat power distribution are given.
It can be seen that for high signal-to-noise ratios all
curves merge. In this region the waterfilling power distribution tends to a flat one and the capacity utilizable by
precoding approaches that of the underlying MIMO channel.
E. MIMO Channels with Intersymbol Interference
In the above discussion, only flat fading MIMO channels have been considered.
One main advantage of
DFE/precoding over the SVD approach is that they can
straightforwardly be extended to channels which produce
intersymbol interference. Here, joint spatial and temporal
equalization has to be performed. Assuming again that the
channel is (almost) constant over one transmission burst,
the MIMO channel is now characterized by a channel matrix whose elements are impulse responses, rather than pure
gain factors.
Denoting the matrix of (causal) impulse responses
as hH[ν]i = [hhkκ [ν]i], H[ν] = [hkκ [ν]], hhkκ [ν]i =
hhkκ [0]hkκ [1] . . . i, the received signal in time interval ν
reads
y[ν] =

∞
X

µ=0

H[µ]x[ν − µ] + n[ν] .

(19)

For calculating the optimum feedforward and feedback

H(z)H H (z −∗ ) = R(z)RH (z −∗ ) .

(21)

(22)

Having R(z), feedforward matrix is given as F (z) =
RH (z −∗ )H H (z −∗ ), and the feedback matrix reads B(z) =
−1
(diag(s11 [0], . . . , sKK [0])) S(z).
The operation of combined spatial/temporal precoding
is exactly the same as for pure spatial precoding—only the
matrices have to be replaced by matrix filters. Moreover,
again K parallel, independent channels are generated, the
SNRs of which are given by the diagonal elements of R[0].
Subsequently we return to flat fading channels but keep in
mind that the results are immediately extendable to MIMO
ISI channels.
IV. Loading in MIMO Systems
In systems where channel state information is available
at the transmitter the question of so-called loading arises.
Since the transmitter has knowledge of how the transmitted symbols are attenuated and disturbed by the channel,
it may adjust transmit rate and/or power in an optimized
way. Moreover, in the multi-antenna scenario, the MIMO
channel might not have full rank, i.e., offer as many independent paths as the dimensionality of the channel matrix
suggests. As a result, some of the equivalent parallel channels might have very bad transmission properties or not be
present at all.
Loading schemes are well known from multicarrier transmission, e.g., [9], [15], where total transmit power and target transmission rate are distributed over the individual
carriers. In MIMO transmission this translates to “spatial”
loading; however, for fading channels, a second dimension
should be included in the consideration: Loading may also
be performed with respect to time [28], [41]. Hence, for
optimum performance when transmitting over MIMO fading channels, two-dimensional rate and power loading, i.e.,
“space-time loading” should be performed. This concept
is illustrated in Fig. 7, where different signal constellations
are used to carry different transmission rates in the subchannels (index k). The shading of the blocks illustrates
the channel states in the particular subchannels (assuming

ACCEPTED AT IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS

Time −→
k −→
CS: good → bad

   

8

 


Constellations:

0

2

3

4

Bit
symbol

Fig. 7. Illustration of combined spatial and temporal loading.

block fading channels), and the “zero” constellation marks
subchannels that are not used at all.
Regarding the parameters “space”, “time”, “rate”, and
“power”, in different scenarios different loading strategies
may be of particular interest. Subsequently, we discuss
in more detail the specific requirements of multi-antenna
and multi-user systems, respectively, and contrast various
approaches for loading.
Time: When performing loading with respect to time, rate
and/or power are adjusted according to the current realization H[ν] for maximum average reliability for a given
average transmit power and rate. Our focus is on precoding, which is only applicable if the channel is slowly time
varying (in order to be able to gain CSI at the transmitter). In this situation, loading over time will introduce
long-term variations of the actual transmit power or the
instantaneous transmission rate. Hence, in systems which
should support a constant data rate, large buffers at transmitter and receiver are required, which in turn introduces
large delays, unacceptable in a great number of applications.
Space: The diagonal entries skk in Equation (9) show very
dissimilar statistics for different k. In fact, in the multiantenna scenario, entry |skk |2 is distributed according to
a χ2 -distribution of 2(K − k + 1) degrees of freedom [23].
Due to these asymmetries, spatial loading is of particular
interest.
In the multi-user scenario, however, “space” has the
meaning of user. While in the multi-antenna transmission total rate per symbol period is of relevance, in the
multi-user case variable rates for one subchannel would
mean variable transmission rates for the corresponding
user. Hence, “spatial” loading in the multi-user setting
should focus on the adjustment of transmit powers for the
subchannels at constant rates. Only if (large) delays are
acceptable, variable-rate transmission may be an option.
Please note that in the present paper we concentrate
on uncoded transmission. Here it is natural that optimum loading results in a balancing of bit error probabilities in the parallel channels. However, considering coded
transmission, from the analogy to the present situation to
OFDM it is known that loading is not necessary in order
to achieve capacity [4]. Instead, a single, long codeword is
arranged over space and time. Then, the code itself averages over the different fading conditions of the subchannels.
However, even in coded systems loading is favorable from

a practical point of view. Especially for low-delay channel
coding schemes a balancing of the predecoding error probabilities is rewarding. For uncoded transmission, loading
may offer significant gains.
Subsequently, we discuss more in detail loading strategies
for the two scenarios multi-antenna and multi-user transmission and present simulation results.
A. Multi-Antenna Scenario
As the baseline for comparison, Figure 8 gives simulated
symbol error rates for a multi-antenna scenario with K = 4.
The elements of the channel matrix H are chosen i.i.d.
complex Gaussian and the error rates are averaged over a
large number of channel realizations. Here no power or rate
loading is active. Each of the parallel data streams employs
16-QAM constellations with equal average power, and the
optimal detection ordering according to [25] is used.
Noticeably, the SVD based transmission scheme (curve
“SVD”, cf. Section III-D) suffers from the highly unequal
distribution of the singular values ςk . With good approximation, the worst subchannel (smallest singular value)
dominates the error rate. For high SNRs the performance
of the SVD scheme approaches that of linear preequalization (cf. “Linear”). It is easy to see that the performance
of linear preequalization is also dominated by the smallest
singular value.
Tomlinson-Harashima precoding (curve labeled “THP”)
for the MIMO channel shows a clear advantage over linear preequalization and also some advantage over the VBLAST system (“VBLAST”) which uses a DFE receiver.
Comparing the error rate of V-BLAST with the curve labeled “gVBLAST”, which is valid for genie-aided DFE, i.e.,
using perfect decisions for the feedback, the effect of error
propagation at the receiver becomes evident. Moreover,
relative to genie-aided DFE, THP exhibits a small loss of
approximately 0.2 dB due to the increased transmit power
(precoding loss) and an additional factor of ≈ 43 in error
rate due to the increase in the number of nearest neighbors
by extending the signal set periodically (4 nearest neighbors instead of 3 in 16-ary QAM).
In the present scenario, a non-uniform distribution of
transmission rates as illustrated in Fig. 7 is possible since
both transmitter and receiver have access to all components of the vector channel. As described above, since we
consider block fading channels, loading over time is of mi-
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Fig. 8. Average symbol error rates for different equalization strategies
without loading. Multi-antenna scenario, K = 4.

nor interest and the most interesting option is spatial rate
loading while keeping the sum rate constant.
From the OFDM literature, several algorithms are
known to find the optimum rate and power distribution
for discrete modulation alphabets, e.g., [9], [15]. The algorithm [15] distributes a fixed sum rate over the parallel
channels such that the overall symbol error rate is minimized. Denoting, as above, the gain factors of the K parallel AWGN channels as skk , total rate R is distributed
according to
!
R
|skk |2K
1
Rk =
+
· log2 QK
.
(23)
2
K
K
l=l |sll |

These rates are quantized to integers in an allowed range.
Ideally, total power has to be distributed uniformly over the
subchannels. In order to compensate for the quantization
to integer rates and to guarantee the same error rate within
the parallel subchannels some fine-adjustment is performed
[15].
The simulation results shown in Figure 9 compare different equalization strategies. In each case the algorithm
[15] is employed to find the optimum rate (and power)
distribution. Thereby, in active subchannels transmission
with integer rates ranging from 2 up to 8 bits is possible, corresponding to M -QAM signal sets with cardinality
M = 22 , . . . , 28 . The channel model is the same as in
the previous figure, and total rate is again fixed to 16 bit
per symbol interval. Please note that when using loading
the sorting of the parallel subchannels according to [25] no
longer is optimum, see [39]. In this paper, each time when
using loading, the modified processing ordering according
to [39] is applied.
Now, performance of the SVD scheme is superior to the
other schemes; due to loading no longer the worst-case subchannel dominates. As a side effect of loading, error propagation in DFE is mitigated and Tomlinson-Harashima precoding performs almost the same as V-BLAST. Compared
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Fig. 9. Average symbol error rates for different equalization strategies. Multi-antenna scenario, K = 4; optimum rate and power loading.

to genie-aided V-BLAST, both strategies show only a very
small loss. Since linear preequalization always results in
parallel, independent channels with the same SNR, loading is inactive and very poor performance is visible.
A comparison of Figures 8 and 9 shows the substantial
performance improvements possible by spatial loading in
precoding systems. Noticeably, loading leads to some diversity gain; the flat Rayleigh fading behavior present in
Figure 8 is overcome and tends to that of an AWGN channel.
B. Multi-User Scenario
As already mentioned, in multi-user downlink scenarios an
adjustment of the transmission rates of the subchannels,
which correspond to different users, is undesirable in most
practical schemes. The obvious strategy is hence to use
equal rates in all subchannels, but allow for an adjustment
of transmit power to account for different fading states seen
by the users.
Since we are interested in a fair treatment of the users,
in addition to equal data rates we demand equal error rates
in the subchannels. This leads to a so-called channel inversion, since the goal is equivalent to achieving the same
signal-to-noise ratio for all users. However, for averaging
error rates high transmit powers are required for very bad
channels (small fading gains). In turn, most of the total transmit power has to be assigned to these channels,
leading to an unsatisfactory overall performance. In most
situations it is advantageous not to use the worst-case channels, i.e., to discard the corresponding user from transmission, and to spend power for transmission of the “better”
users. This strategy is tightly related to truncated channel inversion [28]. Thereby, as a new dimension, “outage”
probabilities for the users would have to be taken into consideration. In this paper, no outage is allowed at the cost
of an increased total error rate.
Figures 10 and 11 show simulation results for a multi-
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Fig. 10. Average symbol error rates for THP (---) and linear preequalization (- -). Multi-user scenario with equal rates and no power
loading. System load K/N = 1/4, . . . , 4/4.

user scenario with linear preequalization and TomlinsonHarashima precoding, respectively. The matrix S[ν] of
effective spreading sequences is chosen as an N × K matrix of i.i.d. complex Gaussian random variables, where the
columns are normalized to unit norm. The fading powers
|wk |2 are assumed to be χ2 -distributed random variables
with 4 degrees of freedom and unit variance. This closely
reflects a multipath fading channel (incorporated into the
effective spreading sequences) with two dominant Raleighfading taps. Again, the error rates are averaged over a
large number of channel realizations. The different curves
are valid for different system loads Γ = K/N .
Figure 10 gives the simulation results for no power adaptation, i.e., it corresponds to Figure 8 in the multi-antenna
scenario, while Figure 11 shows results for channel inversion. In each case, 16-QAM constellations are applied and
the spreading sequences are of length N = 4. Noticeably,
especially for medium to high system loads, precoding offers considerable gains over linear preequalization. In the
one user case (K = 1) both linear pre-equalization and
THP degrade to single-user transmission over a flat-fading
channel and hence perform the same.
V. Discussion and Extension
In this paper, Tomlinson-Harashima precoding for transmission over MIMO channels has been discussed. In a
unified framework, BLAST-like multi-antenna systems and
multi-user downlink communication, i.e., the downlink direction of DS-CDMA systems, were treated. The application of precoding at the transmitter side is always possible
if the channel is slowly time-varying and channel state information is available at the transmitter. Moreover, in the
DS-CDMA downlink case precoding allows to concentrate
computational complexity at the base station and to use
low-complexity mobile terminals.
As shown, precoding offers significant gains over linear
(pre)equalization and over decision-feedback equalization.
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Fig. 11. Average symbol error rates for THP (---) and linear preequalization (- -). Multi-user scenario with equal rates and power loading.
System load, K/N = 1/4, . . . , 4/4.

From a capacity point of view, precoding performs as well
as the optimum singular-value decomposition approach.
For optimal performance, rate and power should be distributed optimally over the independent, parallel channels
induced by precoding. Some of such loading strategies have
been addressed.
If perfect channel state information is not available at
the transmitter, precoding may be adjusted to an average
channel knowledge. A mismatch of precoder and actual
channel realization can be compensated by means of linear
adaptive residual equalization at the receiver. In realistic
scenarios, the loss of this strategy compared to an optimally
adjusted precoder is moderate. For details the reader is
referred to [18].
Finally, the operation of precoding can further be enhanced by combining precoding with signal shaping. As
proposed for ISI SISO channels [14], combined precoding/signal shaping for MIMO channels can be done by eliminating the modulo device and performing a long-term selection of the precoding symbols pk by means of a shaping
algorithm. Via shaping, a maximum gain in average transmit power of 1.53 dB is possible. However, besides creating transmit signals with lowest possible power, almost
any shaping aim, e.g., to control the dynamics range of
the effective data symbols or to reduce the peak-to-average
power ratio of the continuous-time transmit signal (after
the pulse shaping filter) [14], [19] can be achieved.
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